
D E T E R M I N I N G  T H E  S T E A D Y - S T A T E  T E M P E R A T U R E  F I E L D  

IN A C R A C K E D  P L A T E  W I T H  H E A T  T R A N S F E R  F R O M  

T H E  L A T E R A L  S U R F A C E S  
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The heat conduction problem is cons idered  in the case  of a plate with a the rmal ly  insulated 
s t ra ight  c rack  and with a given p r i o r  t em p e ra tu r e  field in the solid plate.  The heat t r a n s -  
f e r  f r om the plate to the ambient  medium is assumed to follow Newton's law. 

We consider  an infinitely la rge  thin plate of thickness  25 with a the rma l ly  insulated s t ra ight  c rack  of 
length 2l, the la t te r  located on the 0x axis symmet r i ca l l y  about the origin of coordinates .  The heat t r an s -  
f e r  f r o m  this plate to the ambient medium is assumed to follow Newton's law, and the t empera tu re  field in 
the solid plate is descr ibed  by a given function t* (x, y). It is requi red  to de termine  the t empera tu re  field 
T(x, y) sat isfying both the equation of heat conduction 

02T O2T 
--Ox ~ 4- ~Og 2 --• =--• (1) 

in d imensionless  var iables  r e f e r r e d  to half the c rack  length l and also the condition of the rma l  insulation 

OT -- 0 for y -~  0, Jx}< 1. (2) 
3y 

The genera l  solution to Eq. (1) will be sought in the fo rm  

T (x, g) -~ t (x, y) 4- t* (x, g), (3) 

where t(x, y) is the solution to the homogeneous equation corresponding to Eq. (1) with condition (2). 

[11 
With the t empera tu re  f ield t(x, y) r ep re sen ted  as an analog of the logar i thmic double- layer  potential  

1 

t(x, g) ---- 2~--- 7(x.)~gg, Ko(• (4) 
- - I  

the condition of the rma l  insulation (2) yields the following express ion  for  the der ivat ive  of densi ty  7 (x) [2 ]: 

where 

1 

S ~' (~) K (~) d~ = - -  ~ f (x), 
- - I  

(5) 

~z = x (~ - -  x ) ;  / (x) = 2 at* (x, o) 
Oy ' 

K(w)---i V ~ +  1 
O 

sin ~lwdB = KI (w) 4- ; K o (w) dw, 

(6) 
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No exac t  me thod  of so lv ing  Eq.  (5) is known yet .  We will ,  t h e r e f o r e ,  c o n s i d e r  c e r t a i n  a p p r o x i m a t e  
m e t h o d s  of solut ion.  

1. We will  f ind a so lu t ion  to  Eq.  (5) f o r  s m a l l  va lue s  of n 04 < 1). Us ing  the s e r i e s  expans ion  of func-  
t i ons  K0(w), Kl(w) fo r  s m a l l  va lues  of w in [3], we obta in  

' E )2 K (w) = - ~ -  + a w 2n+t -+- In (~ - -  x )  b w ~ + ~  rt ~ n 

n - - 0  n ~ O  

a~ = b~ {s~ - -  (4n + 3) [(2n + 1) (2n + 2)1-1}, 
n 

b~ = - -  i(2~n!) 2 (2n + 1) (2n + 2)1 -~, s~ = C -k I n - ~ -  - -  ~ , 
k = l  

(7) 

( 8 )  

w h e r e  C is the  E u l e r  cons tan t .  

I n s e r t i n g  (7) into (5), we have  

f ,r (~) 
--1 

or, 

n = 0  --I 

+ b~ In I ~ - -  x!l (~ - -  x) 2"+1d~ 

a f t e r  app l i ca t ion  of the  i n v e r s i o n  t h e o r e m ,  

: o  1 

~ . d  

1 1 j 
7 ' ( x ) =  ~ V l - x  ~ , - x  

- - I  

[ ('~) d~ 

! 1 

+ - - ; ;  

n~O --1 --1 

(9) 

(Io) 

Equa t ion  (10) will  be so lved  by  the  a s y m p t o t i c  me thod  shown in [4, 5]. The so lu t ion  will  be sought  in 
the  f o r m  of a p o w e r  s e r i e s  in n :  

7 ' ( x ) = ~  2. �9 (11) •  7~ (x). 
/ Z : 0  

I n s e r t i n g  (11) into (10) and equa t ing  r e s p e c t i v e  t e r m s  of the  s a m e  p o w e r  in ~,  we obta in  the  fol lowing 
r e c u r r e n c e  f o r m u l a s  f o r  7 n(X) : 

1 

V - 1 - - - f ~  Ci + . . . . .  f (~) d ,  , 
o ~--X 

- - i  

' {t f Z  4 d~ Iv; (~) [at 
n2 g l - -  x 2 ., "~ - -  x , 

--1 --1 k=O 

-i-, b~_a In { ~ - -  �9 II (~ - -  z)2<i-k>+l d~ } ( i = 0 ,  1 ,2  . . . .  ). (12) 

Having  d e t e r m i n e d  the unknown funct ion 7 '  (x) f r o m  (11) wi th  the aid of (12), we then  d e t e r m i n e  7(x) 
d i r e c t l y  by  in t eg ra t ion .  The a r b i t r a r y  i n t eg ra t ion  cons tan t  Ct is then  d e t e r m i n e d  f r o m  the condi t ion tha t  
7 ( •  = O. 

2. We will  now c o n s i d e r  l a r g e  v a l u e s  of ~4 (~4 > 1). By the me thod  deve loped  in [6, 7] we find the 
a s y m p t o t i c  so lu t ion  to  Eq. (5) as  the  c o m b i n a t i o n  

7' (T) = co [• -I- T)] - -  (o[• - -  x)l 

of so lu t ions  co(T) to  the  W i e n e r - H o p f  i n t eg ra l  equa t ion  

i ~  (~) K (~ - -  ~) d~ = - -  ~ ;  (~). 
0 

(13) 

(14) 
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Here function r = (2 /~)f (~/~  - 1) continues analyt ical ly into the region 2~ <- g < ~o. 

Equation (14) with kernel  (6) is solved exactly by  the Weiner--Hopf method. Considering that 7 ( i  1) 
= 0 and tat~ing into account express ion (13), we determine function y(x) as 

1 

y(x) = j" {~[g(1 + ~ ) l - -  ~[~(I --  ~)]}d~. (15) 
Jg 

We note that for  a semiinfinite crack (0 <-- x < ~o) Eq. (5) becomes Eq. (14) and, as a consequence, we 
obtain an exact solution to the problem.  

3. An approximate solution to Eq. (5) can be obtained in closed form,  if the following approximat ionl  
is used in express ion (6) 

/ T  + 1 

The kernel  of the integral equation (5) becomes then 

1 K[~(~--x)l ~.-~ 

and Eq. (5) can be writ ten as 

---- cth o. (16) 

2v ) ,  (17) 

d 

j ' ~,' (u) du = 1 f (v) 
U - -  V ~ r3 ' 

c 

with u = exp ( v ~ ) ,  v = exp ( ~ x ) ,  e = exp (-~x), and d = exp (Try). 

The solution to Eq. (18) is given by the inversion formula  

(18) 

V' (v) = ~ K(d - -  v) (v - -  c) u (u - -  v) 
c 

Integrating Eq. (19) and changing to var iable  x yields y(x). 
t ion constant a re  determined f rom the condition that 7 (+1) = 0. 

Fo rmula  (19) yields an approximate solution to Eq. (5). It can be shown, moreover ,  that the e r r o r  
of this solution does not exceed the e r r o r  of that  approximation (16). 

Thus, with the function y(x) known, formula  (4) yields the per turbat ion t empera tu re  t(x, y) and, 
specif ical ly,  

1 
t ( x ,  __o) = +_+_--~(x). (20) 

2 

Example.  Let the t empera tu re  of the upper and the lower surface of an infinitely long str ip,  a plate 
of width 2b, be +t 0 and the ambient t empera tu re  be zero.  Then 

The a r b i t r a r y  constant C 2 and the integra-  

t*(g) = q sh • (21) 

with q = ~t 0 s inh~b.  If the width b is sufficiently large,  then the plate can be considered infinite. 

In the plate there  is a c rack  of length 2l on the 0x axis, symmet r i ca l  about the 0y axis. The 0x axis 
is equidistant f rom the upper and the lower s t r ip-pla te  surface.  

In o rder  to determine the per turbat ion t empera tu re  in such a plate, it is neces sa ry  to find the func- 
t ion y(x) f rom Eq. (5), where f(x) = 0t*/• ly=0 = q. We will seek a solution to this equation according to the 
formulas  provided here.  

1. For  small  values of ~, function y(x) is found by formula  (11) in conjunction with (12). Retaining 
only the f i r s t  th ree  t e rms ,  we have 

yl'he maximum relat ive e r r o r  of such an approximation is as high as 8.3% when ~? = 1.2 and it dec reases  
fast  as ~? increases  or  dec reases .  
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Fig. 1. Graph  of y(0) /q  = f(~): 
1) accord ing  to f o rmu la  (22); 2) 
accord ing  to f o r m u l a  (24); 3) 
accord ing  to f o r m u l a  (25). 

where  

2 

: X - x 4  + , 

le=O 

d I = :  2 [1%- (0.25 In u~0.3272) • ~ %- (0.0625 Inn• 0.1253 In • - -  0,0253) • 

d a = - -  2 [0,0833 • %- (0,0313 In • - -  0,1228) • d~ = 0,0062• 4. 

2. F o r  l a rge  values  of ~t, the solution to Eq. (14) is 

co('O= 2q exp(--~) 

V~ /Y 
and then 

where  

2q {erf err err q~O)}', v(x) = -if- ~ (x) + ~ ( - -x )  - -  

(P(X) = V •  e r f x = l ~  exp(--z2)dz. 

0 

3. Final ly ,  f o r m u l a  (19) yields 

2 
2q 

~1)~ arcsin {cth ~• - -  csh ~x exp [(-- 1) k ~• y~(x) 
k=l 

The quanti ty y(0) /q  has  been  plot ted in Fig.  1 as a function of ~t: curve  1 r e p r e s e n t s  f o rmu la  (22) for  
< 1, curve  2 r e p r e s e n t s  f o rm u l a  (24) for  ~ > 1, and curve  3 r e p r e s e n t s  fo rmula  (25) for  all values  of 4. 

It can be seen  he re  that curves  1 and 2 come close  toge the r  as ~ = 1 and do not d i f fer  much f r o m  
curve  3. F o r m u l a  (25) is mos t  convenient fo r  p r ac t i ca l  calculat ions,  because  it appl ies  to all  values  of ~. 

T(x,  y) 
ta(X, Y) 

t* (x, y) 
t(x, y) 

%2 
= a ~:o~; 

O~ 

21 
26 
k 

K0(x), KI(x) 
r 

~(x) 

NOTATION 

is the t e m p e r a t u r e  of pla te  with c rack ;  
is the t e m p e r a t u r e  of ambien t  medium;  

is the t e m p e r a t u r e  of p la te  without a c rack;  
is the function cha rac t e r i z i ng  the pe r tu rba t ion  of the t e m p e r a t u r e  field by the p r e s e n c e  of a 
c rack ;  

is the heat t r a n s f e r  coefficient;  
is the length of c rack ;  
is the th ickness  of plate;  
is the t h e r m a l  conductivity;  
a r e  the z e r o t h - o r d e r  and f i r s t - o r d e r  MacDohMd function; 
is the d is tance  of point (x, 0) ( -1  <_ x -< 1) f r o m  an a r b i t r a r y  point on the x0y plane;  
is the densi ty  of the analog of the loga r i thmic  doub le - l aye r  potent ial .  
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